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Problem 1 (60 minutes)

A crime is observed by a group of n > 2 people. Each person would like the police to
be informed but prefers that someone else make the phone call. Precisely, suppose that
cach person attaches the value v to the police being informed and bears the psychological
cost ¢ if she makes the phone call, where v > ¢ > 0. In case nobody calls the police,
each of the n people has a payolf of 0. The situation can be modeled as a strategic form

game where each of the n players chooses between the two actions {Call, Don't call}.

(a) We are interested in finding the symmetric mixed-strategy Nash equilibrium. Let

p be the probability with which each person calls in this symmetric profile.

(a.1) Argue that p € (0,1) and then determine its value.

(a.2) Consider the two events: “person 1 does not call the police” and “nobody calls
the police™. Given the symmetric Nash equilibrium found above, determine
the respective probabilities of these events. How do these probabilities change

as n increases?

Examine now the variant where there are two groups of witnesses (e.g., students and
teachers in a schoolyard). Every person still attaches the value v to the police being
informed of the crime; and each witness of group ¢ = 1,2 bears the cost ¢; il she makes
the phone call (with v > ¢; > ¢, > 0). Assumme that the number of witnesses in group i

is n; > 1 (with n = ny + no).

(b) Does a fully symunetric equilibrinm (in mixed strategies) exist in this case? Justily

your answer.

(c¢) Assuming its existence, compute a Nash equilibrinm where every witness assigns

a positive probability to each one of the two actions.

(d) How does the equilibrium individual probability (of calling the police) vary from

agroup 1 to group 27 Interpret your result.



Problem 2 (60 minutes)

Suppose a preference relation 7Z on X = R? is rational, convex, and continuous.
(a) Show that the demand correspondence x(p,m) is convex valued.
(b) Take any @,y € X with x > y. Show that the following set is closed.

W(z,y) = {z € X|either z~zory = z}.

(¢) Sketch the set W (x,y) in a diagram when 7 is in addition strictly monotone.

(d) Depict the set W (x, y) in a diagram when - is represented by the utility function
U(z1,220) = (21 — 42 + (22 — 4)%, 2= (2,2),y = (3,3).

]



Problem 3 (60 minutes)

A finite pure exchange cconomy is specified by a tuple € = (X, 7

~

i»wi)ier- The econ-

omy consists of a finite set [ of consumers. There exist a finite number of commodi-

ties I = 1,....(. Each consumer has consumption set X; = R}. Superscripts denote
commodities. Hence x! stands for the quantity of commodity [ consumed by i € 1.
Consumer i's consumption bundles assume the form x; = (x},....2!). However, we
write p = (py, ..., pe) lor price systems. In general, £ can be any finite nunber. In the

following, we proceed with ¢ = 2. Consumer i has complete and transitive preferences
on X;, represented by the binary relation 7Z;. Finally, each consumer is endowed with a

commodity bundle w; € X;.
There are two countries, country A and country B, initially with separate economies.

Part A. Country A consists of two consumers 1 and 2, each with endowment bundle

w; = (1,1) and utility function U;(2},2?) = (x})* + (¢7)*. Determine the competitive

7 7

(Walrasian) equilibria of A’s economy.

Part B. Country B consists of consumer 3 with endowment bundle w; = (1, 1) and
utility lanction Uz (a3, v3) = a4 + 203, Determine the competitive (Walrasian) equilibria

of B’s economy.

Part C. Now suppose the economies ol countries A and B are integrated so that
there is a common market with / = {1,2,3}. Your task is two-fold:

o First decide whether the integrated economy has a competitive equilibrivum.

e Determine the competitive equilibria il the economy has one. Otherwise, prove

that the economy does not have a competitive equilibrium.
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Question 1 (suggested time: 20 minutes)

(a) Consider the simple Normal model:

X, v« NID(p,0%), t=1,2,....n, ...

b

with % is known; ‘NIID’ stands for ‘Normal, Independent and Identically Distrib-
uted’.
(i) State the sampling distributions of the test statistic:

d(X)=LFamta), X, =1 57

o t=1 <t
under the null and under the alternative hypotheses:

Hy: p < g, v8:  Hyz 5> g (1)

(ii) Define the optimal Neyman-Pearson (N-P) test in terms of d(X) and explain
what ‘optimal’ means in this case.

b) (i) Compare and contrast the sampling distributions of d(X) under Hy and
I ping
H, to: T ey e :
d(X; pr) =) 3N, 1), (2)
where ji* denotes the ‘true’ value of p, whatever that happens to be.
(ii) Explain why (2) provides the relevant sampling distribution for constructing
an (1—a«) Confidence Interval (CI) for pe.

(¢) Define and explain briefly the notions of (i) type I error probability, (ii) power
of the test, (iii) the p-value, and (iv) compare and contrast (i) with (iii).

(d) State the fallacies of acceptance and rejection and explain why the accept /reject
rules and the p-value are vulnerable to these fallacies when they are interpreted as
providing evidence for or against the null or the alternative.



Question 2 (suggested time: 20 minutes)
Consider the [ollowing true population model for a given individual i:

yi = o+ 1T + Boxp +¢;  with

i ~n (U.cr"’) :

(1)

where y; is some continnous outcome of interest, T; is a binary (0/1) treatment indicator, x; is a
continuous explanatory variable, and ¢; is a standard error term with the usual CLRM properties.

Part (a), 4 points
a What is the true treatment effect?

b Show that it can be expressed as a difference between two expectations (conditional ou ;).

Part (b), 6 points

Assume you collect a random sample of individuals from this population. In your sample, you
have ny treated and ng un-treated (“control™) observations. For ease of notation, let outcome and
explanatory variable [or a treated observation be denoted as yp; and 2y, respectively. Analogously.,
let gy and e be outeome and explanatory variable for a given control observation.

Assume you use some matching procedure to pair each treated observation with a single control ob-
servation. You then consider the following estimator for the population treatinent effect (="average
treatment effect for the treated”):

1]

1
ATTolx = - > (yri - ye)
i=1

where subscript “G” stands for “generic,” x collects all relevant x;’s, and the summation is over all
treated observations.

a Assume that the average difference between xp; and x¢; across all matched pairs equals 4 # 0.
Show that, under this assumption, this generic ATT (given x) is biased.

b Under what conditions would this bias go to zero? Provide some verbal intuition.

Part (c¢), 10 points
Now consider applying the linear regression model given in (1) to the matched control observalions,
that is:

yci = o+ Pexci + € with

i~ (().02) 5

(2)

a Assume this model produces unbiased estimates for 4y and 3 (after all, you used the correct
functional specification, and the correct error assumptions...). Call the coefficient estimates g
and s, respectively. Consider the linear predictions flowing from this model plugging in cither
some x¢; or some ;. Call these predictions §c; and gy, respectively. Show that they are also
unbiased for the corresponding E (y;|x7;) and E (yi|xci). respectively.



Now consider the regression-adjusted treatment effect estimator AT Ty, given as:

Ty

1 " .
ATTg|x = . ; ((yrs — yeu) — (@i — 9c4)) s

Show that this estimator is unbiased, regardless of the (average) difference between xp; and x¢;.

In terms of unbiasedness how does this regression-adjusted matching estimator for the trme
treatment effect compare to directly estimating 5; using the regression model in (1) and the
entire sample of treated and controls? (A wverbal response is sufficient).

(]



Question 3 (suggested time: 20 minutes)

Part (a), 8 points

Consider the Bayesian estimation of the Classical Linear Regression Model with independent priors.
When characterizing the conditional posterior kernel of the coefficient vector @. conditional on error
variance o2, we arrived at the following expression:

P (/3|JE. y. X) x

cap (=3 (B'Vo'B—28'Vy ' 1)) * cap (31#0Vo '1o) * (1)
1
eap (—n? (*'Zﬁ'X'y + ,@'X’Xﬁ)) .

where pg and Vi are the prior mean and variance ol 3, respectively, y is the data vector ol outcomes
and X is the explanatory data matrix.

a Manipulate this expression to obtain the form
2 -1 =1 ‘
p(Blo*.y.X) xexp(BV'n —38'V{'8), (2)

where V and g are placeholders for more complex expressions. Show the explicit form of g,

and V.

b Recognizing the expression in (2) as the kernel of a multivariate normal density, draw conclusions
as to the exact nature of the conditional posterior distribution of 8 (name of density, explicit
expression of mean, explicit expression ol variance-covariance matrix).

Part (b), 6 points
A £ Yt i 5 3 9 3 %
Similarly, for the conditional posterior of error variance o<, given 3, we obtained:

p (rrg|[3.y.X) x
(JQ)”(MHF])()FP — 70 ”
4 o2 (3)
9 -n/2 1 i
(67) Teap (55 (v - XB) (y - XB)
a Manipulate this expression to obtain the form

p(e*18.y,X) x () ™"V eap (- 55) )

where v and 7 are placeholders for more complex expressions. Show the explicit form of v and
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T

b Recognizing the expression in (4) as the kernel of an inverse-gamma density, draw conclusions

L . . . . 2 J . . s

as to the exact nature of the conditional posterior distribution of @ (name ol density, explicit
expression of shape vy, explicit expression of scale 7).

Part (c), 6 points

a Explain, in words, the basic mechanics of a Gibbs Sampler that utilizes these conditional distri-
butions to obtain draws [rom the (unconditional) joint posterior.

b List four common diagnostics tools available to assess simulation noise, convergence of the chain
of draws, as well as autocorrelation between draws. (A wverbal response is sufficient).
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Consider the Solow growth model with a Cobb-Douglas production function. Time t
output is Y[=B(Kl)“(Ll)"": K, is the time t capital stock and L, is time t labor. The labor
input grows at the exponential rate n, L =L exp().

The capital accumulation equation is

oK /6t =sB(K)“(L)"™ - 5K, .

(a) Let k, =K, /L,. Find the equation describing the rate of change in k.. ok, /ot .

(b) Find the steady state values for k. the real wage, and the marginal product of capital.
(c) Initially, time 0. the economy is in its steady state. Suppose at time 0 there is a
permanent increase in B. total factor productivity. Find the time path of ki, the real wage,

the marginal product of capital and labor's share of output as the economy converges to
its new steady state.

Introduce technological change into the model in the following way:
Y = K“[E,L ], in which [6E/d(]/E, = g. a constant.

The capital accumulation equation is
K6t =s(K)(EL)'™ - K, .

Consider the following definitions:
k =K/EL=K,/L:and
5, =FIEL =YL,

(d) Find the equation describing the rate of change in £, ., 6k, /ct.

(e) Find steady state value for k, and y,.

(f) Determine and graph the steady state time paths for 4. the real wage, the marginal

product of capital and labor's share of output.



